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Table 1 Material properties used in the numerical solution
Material E\ EI v\2 G\2
Graphite/epoxy 155 GPa 10 GPa 0.3 7 GPa

Table 2 Variation in maximum deflection relative to center
deflection for AR = 0.6 plate

y axis location
Theory
Experiment

27%
0.253 mm
0.245 mm

50%
0.246 mm
0.240 mm

73%
0.253 mm
0.255 mm

a
2.8%
4.2%

16
14 -
12 -

CT 10

50

y (%)
Fig. 3 Theoretical vs experimental plate deflection for AR = 0.62
graphite/epoxy unidirectional ply plate: ——, AR = 0.62 theory and
A, AR = 0.62 experiment.

Fig. 4 Theoretical vs experimental plate deflection for AR = 1.00 and
1.88 graphite/epoxy unidirectional ply plate: —— , AR = 1.00 theory;
- - - - , AR = 1.88 theory; D, AR = 1.00 experiment; and o, AR = 1.88
experiment.

where s\ and $2 are the complex conjugate roots to the characteristic
equation1-2

Di-s4 + 2D3s2 + D2 = 0

For a uniformly distributed load the particular solution is

wp = (q()/24D2)(y4 - 2by3 + b3y)

with coefficients an = (4q()/nn) for n = 1 , 3, 5, . . . , and 0 for n —
2, 4, 6, . . . .

The overall deflected plate shape and the deflected plate shape at
x — 0 were calculated and plotted for the three AR tested. The
material properties used in the numerical solution are shown in
Table 1 (Ref. 1).

Results and Discussion
A comparison of the experimental data with the theoretical re-

sults given by the Levy solution was made both numerically and
graphically. A variable a is defined as the variation in maximum
deflection relative to the center deflection,1

^cente

^cente

« ~nx 100

where wmilx is taken as the average local maxima of the plate.
Values for a are shown in Table 2 for the AR = 0.6 plate. The

measured deflections were taken at the locations of theoretical local
maxima because the experimental curve was not symmetric.

A graphical comparison of the theoretical and experimental re-
sults for the three AR tested is shown in Figs. 3 and 4. The shape
of the theoretical plate deflection is close to the experimental data,
which shows the predicted reverse curvature for AR < 1 . The mag-
nitude of theoretical deflection is conservative for the higher AR,

which could not be explained by calculation or experimental mea-
surement error. A brief study of the effect various parameters have
on the numerical solution showed that it was possible to improve
the accuracy of the maximum deflection results, while maintaining
the proper curve shapes, by varying the material properties. The
purpose of this short Note is to qualitatively validate theoretical
predictions about the behavior of orthotropic plates; therefore the
material property values given in Ref. 1 were used rather than exper-
imentally obtained material properties. It is assumed that inaccurate
material property values used in the numerical model, along with
the inability to experimentally obtain theoretically perfect boundary
conditions, is partly responsible for the deflection errors. However,
the large difference between the theoretical and experimental defor-
mations shown in Fig. 4 (AR = 1.00 and 1.88) is perhaps a result
of the overprediction of deflection by small deformation plate the-
ory. One may need large deformation theory to accurately predict
deflections as large as one-half the plate thickness.

Conclusions
The experimental observations qualitatively confirm the analyt-

ically predicted behavior of orthotropic plates. This phenomenon
of maximum deflection occurring at locations other than the center
for orthotropic plates can be a significant factor in composite plate
design.
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I. Introduction

D ERIVATIVES of eigenvalues and eigenvectors are being used
in the analysis for guidance in design modification and for

improving analytical models in many technical fields.1"5 The deter-
mination of eigenvalue derivatives can be a straightforward calcu-
lation, but the computation of eigenvector derivatives is very time
consuming. The techniques of the calculation of eigenvector deriva-
tives of a large complex eigensystem are problem dependent. The
main reason is that the algebraic equations acquired upon differ-
entiating the eigensystem relationships result in an undetermined
system of equations. For the eigenvector derivative computation,
the most simple approach is by finite difference method. Although
the finite difference method is easy to implement into the computer
program, in many cases the numerical perturbation step sizes and the
selection of proper design parameters become even more expensive
than other direct analytical methods.
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When the solution of an eigensystem produces repeated eigenval-
ues, the computation of derivatives of the eigenvalues and eigenvec-
tors becomes very complicated, as shown in Refs. 6-8. The com-
plication is related to the fact that the eigenvectors of the repeated
eigenvalues are not unique. There are an infinite number of linear
combinations of the eigenvectors satisfying the eigensystem.

In Ref. 6, Ojalvo first extended Nelson's method and developed
a solution to the eigenvector derivative with repeated eigenvalue,
but Ojalvo's general solution does not possess the generality. To
improve Ojalvo's method,6 Mills-Curran7 and Dailey8 presented a
complete method for calculating the general solution of the eigen-
vector derivatives with repeated eigenvalue problem. On solving the
particular solution, Zhang and Wei's direct perturbation method9 is
simpler than Ojalvo's method,6 since the direct perturbation method
avoids the process exerting m constrains to the singular governing
equation of the eigenvector derivative.

In this Note, the generalized inverse technique (GIT) is proposed
for determining the particular solution of eigenvector derivative with
and without repeated eigenvalues. The GIT can also avoid the pro-
cess exerting one or m constrains to the governing equation. In ad-
dition, the GIT method does not contain the calculation of inverse
of matrix. A numerical example shows that the precision of the GIT
method is the same as that of Refs. 8 and 9.

II. Generalized Inverse
For any matrix G(m x n), there is a unique matrix H(n x m)

satisfying Eqs. (1-4) and denoted as G+:

0)

(2)

(3)

(4)

where the asterisk represents the complex conjugate of a matrix
and G+ is known as the Moore-Penrose generalized inverse. But
there are many generalized inverse matrices H(n x m) that satisfy
just the first Penrose condition of Eq. (1). Note that matrix H is
a generalized inverse of G and not the generalized inverse. The
exception is when matrix G is nonsingular, in which case there is
only one matrix H satisfying Eq. (1). The GIT has been applied
to solve the linear structural systems and to compute eigenvector
derivatives with distinct eigenvalues.10'11

A general linear system equation can be expressed as

HGH = H

(GH)* = GH

Gx=b (5)

where G is a matrix with any rank, x is an (n x 1) column vector,
and b is an (m x 1) column vector. The general solution of Eq. (5)
yields

-G+G)z (6)

where z(n x 1) is any arbitrary vector. The second term on the
right-hand side of Eq. (6) corresponds to a homogeneous solution
of Eq. (5) because (7-G+G)z satisfies G* = 0. That is, the column
space of the homogeneous solution is contained in the null space of
G. The column space of the particular solution of Eq. (5), G+b, is
perpendicular to the column space of the homogeneous solution. For
this reason, G+b is called the minimum norm least-square solution
ofEq. (5).

III. Eigenvector Derivatives with
Repeated Eigenvalues

It is well known that by solving the following subeigensystem7'8
one can obtain the derivatives \'. (j = 1, 2 , . . . , m) of m-multiple
eigenvalue A. as well as the factor vector otj\

[Xr(Kf - (7)

in which X = [ x \ , X 2 , . . . , xm] is the eigenvector matrix of re-
peated root A obtained directly by the eigenequation and otj

are the factor vector in linear combination yj = Xotj. Obviously,
yj (j = 1, 2 , . . . , m) are also the eigenvectors of A. The eigenvector
derivatives with repeated frequencies can be determined by using
the differentiation of the eigenequation with respect to a design pa-
rameter of interest:

in which

G = K

(8)

(9)

(10)

where K and M are real symmetric semipositive definite stiffness
matrix and positive definite mass matrix, respectively, and K' and
M' are the derivatives of K and M. From Eq. (6) we know that
the solution y'. of Eq. (8) can be computed providing the generalized
inverse G+ of G can be accomplished.

With m-multiple eigenvalue A, the rank of matrix G is equal to
n — m; thus we can establish a nonsingular matrix F:

F = (H)

in which dj is any nonzero scalar constant; Uj is a normalized eigen-
vector that can be taken as Xj or y_ / . The inverse of F is

(12)

The nonsingular property of matrix F and the correctness of Eq. (12)
are proved as follows.

For convenience, M / is taken as x,•. Define the complete eigenpairs
of the eigenequation as

x = [d>, A = diag[fi, A7] (13)

Submatrix O e Rnj is built by the eigenvectors except for the
eigenvectors Xj• (j = 1, 2, . . . , m) of the repeated eigenvalue A un-
der consideration. The term Q is a diagonal matrix constructed
by the eigenvalues &>/ (z — 1 , 2 , . . . , r) corresponding to O, i.e^,
£2 = diag[a;j, a>2, . . . , o)r]. Subscript r is equal to n — m. Let X
normalized eigenvectors. From X*MX = I we know X"1 = X r M .
Thus

G = A: -AM

MXAX'M -XMXX'M

M X ( A - A / ) X ' M

ol FA./ o= M[d>, X]
0 A/ 0 "hHJ/U'J

- X7 0

M (14a)

(14b)
Equation (14) shows that the rank of G with repeated root A. is equal
to r; that is, G is a singular matrix. Equation (11) is rewritten as
follows:

F = MXDX'M (15)

in which D = diag[c/i, d2, ..., d-m]. Equation (15) is rewritten again
as

, X]
o olTon
0 D\ [X'\

M (16)
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Substituting Eq. (14) into Eq. (16) yields

F = Af[4>, X]

0
D

.t\M (17)

: (ra,ra)

Obviously, F is a nonsingular matrix, F"1 is given from Eq. (17):

= [O, X]
0 : 0

ron(A
[*,*] 0 : 0

0 : D~l

If we define the generalized inverse

(18)

0

0
: 0

: (ra,

(19)

then the generalized inverse G+ can be expressed from Eq. (14):

G+ = X ( A - X I } + X f (20a)

G+ = O(Q-A/r 'c |>' (20b)

As earlier, Eq. (18) can be rewritten as

F~l = G+ + XD-[

(21)

Equation (21) is the same as Eq. (12) with Uj equal to Xj. Note that
although Eq. (20b) can be employed to compute directly G+, this
formula is unsuitable for application. In addition, the generalized
inverse G+ obtained by Eq. (12) can satisfy Moore-Penrose rela-
tions: GG+G = G and G+GG+ = G+ by using the formulas (14)
and (20).

From Eq. (12) we obtain

(22)

After obtaining the generalized inverse G+ of G from Eq. (22), the
general solution of y'. is given in the basis of Eqs. (6) and (8):

-G+G)z (23)

Because the rank of G is of order (n — ra), this implies that the rank
of (/ - G+G) is of order ra. Thus, there is

(24)

where c} denotes any arbitrary scalar. Because the column space of
G+ is orthogonal to y, and G+ is unique, one can determine Cj from
any meaningful constraints, i.e., the norm constraint used in Ref. 6
and the differentiation of the orthogonalization equations used in
Refs. 7 and 8. The latter is utilized in this Note to compare with
numerical results of Ref. 8.

IV. Algorithm Applied to Engineering
To obtainG+, the inverse F'1 of matrix F must be computed. For

large and complex space structures, the computation of the inverse
matrix F~' is difficult. To avoid the calculation of the inverse F~', an
improved algorithm is proposed here. Define the particular solution
of y'j as

(25)

Now an interim solution (also called a perturbed solution) £>, of u7
is first found by using F in Eq. (26):

Equation (26) is rewritten as

Substituting Eq. (12) into Eq. (27) yields

(26)

(27)

11 _l_ T J D~~' TJt si C~)Q\= Vj + L/ u U qj (25)

in which U = [HI , 1 * 2 , . . . , Hm]. From Eq. (28), the desired i>7- is
obtained in Eq. (29):

j = 1 ,2 , . . . , r a (29)

Clearly, the algorithm in this section avoids the calculation of F~'
in the process for solving Vj, since after the interim solution v/ is
obtained by solving a set of linear algebraic equations (26), v-} is
given by Eq. (29). The algorithm in this section is that solving Eq.
(26) is substituted for the calculation of F~' .

V. Relationship Between the GIT and
Direct Perturbed Method

In this section, we will discuss the relationship between the
method in this Note and the direct perturbation (DP) method pro-
posed in Ref. 9. The idea of the DP method is that the repeated
eigenvalue X under consideration in Eq. (8) is slightly perturbed to
obtain Eq. (30):

where

F = K - (A

F = G -sM

(30)

(3 la)

(31b)

is nonsingular9 and s is a small nonzero scalar constant, also called
the perturbation constant. Equation (31b) can be rewritten as

M

(32)

(33)

F = M X ( A - XI)XrM - eMXX'M

Embedding Eq. (13) into Eq. (32) yields

F = M[<D, X]

The inverse of F is

=[0, X]

(34)

Clearly, when £ is a small scalar, the first term in Eq. (34) is ap-
proaching G+. Thus Eq. (34) becomes

~ [Q -*(+*)/]- | 0 ~

0 : 0_

0 : 0

_ 0 : ( l /e) /_

r<D'
[r

F"1 =G+ -(\/s}XXr (35)
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But the second term in Eq. (35) must not be small. Multiplying both
sides of Eq. (34) by X1M gives

X'MF'1 = -

Inserting Eq. (36) into Eq. (35) yields

F"1 = G+ + X

i.e.,

G+ = (I - X X f M ) F ~

(36)

(37)

(38)

Similarly, to avoid the calculation of F~l in Eq. (38), an interim
solution Vj is first computed in Eq. (39):

= qj

Embedding Eq. (37) into Eq. (40) gives

Vj = (I - XXrM)vj

(39)

(40)

(41)

Both Eqs. (39) and (41) are two principal formulas, as shown
in Ref. 9. It is concluded that the generalized inverse technique
described in this Note is also one of the DP methods as shown in
Ref. 9. This is known by the fact that MUDU1M (or MXDXtM)
in Eq. (11) is considered as the perturbation term of DP method
in Ref. 9.

VI. Numerical Results
The particular solution Vj of a numerical example shown in Ref. 8

is computed by using the GIT method in this paper and the scalar
constant Cj in the general solution >/. = Vj + YCJ of eigenvector
derivatives is given by the procedure stated in Refs. 7 and 8, in which
Y — [y\, )>2, . . . , ym]. The results (general solution y'.) are the same
as those of Refs. 8 and 9. In addition, to address the effect of different
values ofdjt we select dj-, = d = 0.000001, 1.0, and 100,000 (j =
1, 2, . . . , m), in which dj — d means that all dj (j = 1 , 2 , . . . , m)
are taken as a uniform value d. It is found that for very different d,
the obtained solution y'. is the same and that the particular solution
Vj equals to the general solution y'.. The former tells us that this
method is numerically stable. The latter tells us that the particular
solution Vj obtained by this method possibly happens to be just the
general solution y1.. Thus, it is very meaningful to propose a simple
criterion by which we can know whether the Vj given by this method
is y'j. Finally, the results with u-} — y; and Uj = Xj are the same.

VII. Conclusions
Based on technical analysis and numerical results, a new approach

for determining the eigenvector derivatives with repeated roots has
been successfully developed. This method can be applied to the cal-
culation of eigenvector derivatives with and without repeated roots
and avoids the process exerting one or m constrains to the governing
equation of the eigenvector derivative. This method requires only
the knowledge of the eigenvalue and its associated eigenvector un-
der consideration. This method is numerically stable and requires no
numerical convergence checks when incorporated into the existing
computer program.
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Introduction

T HE piezoelectric materials have been used extensively in dis-
turbance sensing and control. Since the piezoelectric materi-

als are distributed (not discrete) in nature, an accurate sensing and
control of structures can be achieved by piezoelectric sensors and
actuators.

The finite element method is a powerful technique widely used in
many modern engineering design and analysis problems. Since the
governing equations of piezoelectric media are complex in general,
the finite element modeling suitable for the thin piezoelectric media
becomes important.1 The problem of sensor and actuator placement
exists with piezoelectric sensors and actuators if they are discretely
placed on various members. Hence, the issue of the piezoelectric
sensor and actuator problem has been addressed2 to see the effect
of the placement on the control efficiency.

In this work, two-dimensional thin rectangular elements with
pseudointernal degrees of freedom (DOF) are used to develop the
finite element model of piezoelectric materials. The internal DOF
are for the better representation of bending moments generated by
the feedback piezoelectric voltage and are condensed to the phys-
ical nodal DOF using the Guyan reduction technique. The control
efficiency effect of the location of the piezoelectric actuator pair on
the beam is studied.

Finite Element Modeling of Piezoelectric Media
The quasistatic piezoelectric equations are given as3

T = cS - eE

+ sE
(1)

where T, S, E, and D are the vectors of stress, strain, electric
field, and charge per unit area and c, e, and £ are the matrices of
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